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In this paper, we study precompact abelian groups G that contain no sequence {x„} 
such that {0}U{±x,i | n G N} is infinite and quasi-convex in G, and x„ — > 0. We characterize 
groups with this property in the following classes of groups: 
^ ■ (a) bounded precompact abelian groups; 

j^ I (b) minimal abelian groups; 

(c) totally minimal abelian groups; 

(d) w-bounded abelian groups. 
_ We also provide examples of minimal abelian groups with this property, and show that there 

^ ■ exists a minimal pseudocompact abelian group with the same property; furthermore, under 

r — . Martin's Axiom, the group may be chosen to be countably compact minimal abelian. 

(N 

^. 

1. Introduction 

^ ■ This note is a sequel to |I3, and its aim is to provide an answer to Problem I posed in that paper. 

One of the main sources of inspiration for the theory of topological groups is the theory of 
topological vector spaces, where the notion of convexity plays a prominent role. In this context, 
ij> ; the reals M are replaced with the circle group T: = ]R/Z, and linear functionals are replaced by 

^ I characters, that is, continuous homomorphisms to T. By making substantial use of characters, 

■ Vilenkin introduced the notion of quasi-convexity for abelian topological groups as a counterpart 

of convexity in topological vector spaces (cf. [30'|). 

Let tt: M— t-T denote the canonical projection. Since the restriction tti/ i ii : (— 1,|]— )•¥ is 

a bijection, we often identify in what follows, par abus de language, a number aE (— ^, |] with 
its image (coset) 7r(a)=a+ZGT. We put Tm: = vr([— ^,^]) for all mGN\{0}. According to 
standard notation in this area, we use ¥+ to denote Ti. For an abelian topological group G, we 
denote by G the Pontryagin dual of G, that is, the group of all characters of G endowed with the 
compact-open topology. 



* 2010 Mathematics Subject Classification: Primary 22A05 54H11; Secondary 22C05 54D30 
' The first author acknowledges the financial aid received from SRA, grants Pl-0292-0101 and Jl-9643-0101. 
^ The second author gratefully acknowledges the generous financial support received from NSERC, which enabled 
him to do this research. 



2 D. Dikranjan and G. Lukdcs / Compact-like abelian groups without quasi-convex null sequences 

Definition 1.1. For ECG and ACG, the polar of E and the prepolar A are defined as 

E'' = {xeG\x{E)<ZT+} and A'' = {xeG\'ixeAx{x)eT+}. 
The set E is said to be quasi-convex if E = E^^. 

Obviously, E C E^^ holds for every ECG. Thus, E is quasi-convex if and only if for every 
xeG\E there exists x^E'^ such that x{x)^"^+- The set Qg{E): = E^'^ is the smallest quasi- 
convex set of G that contains E, and it is called the quasi-convex hull of E. 

Definition 1.2. A sequence {xnjj^o — ^ ^^ said to be quasi-convex if S' = {0}U{±x„ | riGN} is 
quasi-convex in G. We say that {xn}'^=o is non-trivial if the set S* is infinite, and it is a hm// sequence 
ifxn — ^-O. 

Examples 1.3. It turns out that most "common" groups contain a non-trivial quasi-convex null 
sequence: 

(a) For every prime p, the group Jp of p-adic integers admits a non-trivial quasi-convex null 
sequence contained in the subgroup Z (cf. [6, 1.4], [8, Theorem D], and [7, Theorem B]). 

(b) For every prime p, T admits a non-trivial quasi-convex null sequence contained in the p-com- 
ponent of T (cf. ^ 1.1], [H Theorem B], and [0 Theorem C]). 

oo 

(c) If {mk}'^^i is a sequence of integers such that mk>4: for every keN, then Yl ^m^ admits 

fc=0 

oo 

a non-trivial quasi-convex null sequence contained in the subgroup Z„^ (cf. [|71 5.5]). 

A:=0 

In our paper fT], we characterized the locally compact abelian groups that admit no non-trivial 
quasi-convex null sequences as follows. 

Theorem 1.4. (fT, Theorem A]) For every locally compact abelian group G, the following state- 
ments are equivalent: 

(i) G admits no non-trivial quasi-convex null sequences; 

(ii) one of the subgroups G[2] = {g&G\2g = {f\orG'^] = {gEG\?>g = Q} is open in G; 
(iii) G contains an open compact subgroup of the form U\ or Zg for some cardinal k. 

Furthermore, ifG is compact, then these conditions are also equivalent to: 
(iv) G = Z2 X F orG = 7j'^xF, where k is some cardinal and F is a finite abelian group; 
(v) one of the subgroups 2G and 3G is finite. 

We also asked whether it was possible to replace the class of locally compact abelian groups 
with a different class that contains all compact abelian groups (cf. [tZ] Theorem A]). In this note, we 
present several classes, and characterizations of groups in these classes that admit no non-trivial 
quasi-convex null sequences. To that end, we recall some compactness-like properties. 

Definition 1.5. Let G be a (Hausdorff) topological group. 

(a) G is precompact if it can be covered by finitely many translates of any neighborhood of the 
identity, or equivalently, if it is a dense subgroup of a compact group G, its completion; 

(b) G is minimal if there is no coarser (Hausdorff) group topology (cf. [29J and W^)\ 

(c) G is totally minimal if every (Hausdorff) quotient group G is minimal (cf. [HQJ); 
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(d) G is pseudocompact if e\ery real-valued continuous function on G is bounded (cf. IfTSl 3.10]); 

(e) G is countably compact if every countable open cover of G admits a finite subcover (cf . [fT5l 
3.10]); 

(f) G is co-bounded if every countable subset of G is contained in a compact subgroup of G. 

By the celebrated Prodanov-Stoyanov Theorem, every minimal abelian group is precompact 
(cf. f26\ and [|27j1 ). and thus the relationships among the aforementioned properties can be de- 
scribed as follows. 

cu-bounded =^ countably compact =^ pseudocompact =^ precompact 

totally minimal =^ minimal ^=^" precompact 

For greater clarity, all of these implications, except for the very last one, hold without the assump- 
tion that the group in question is abelian. 

The classes of groups studied in this paper overlap with those investigated in [|71 only to the 
smallest possible extent, because every group that is both precompact and locally compact is ac- 
tually compact. Thus, the present note is complementary to our work in [7]. Our first two results 
demonstrate the level of complexity of the problem of finding non-trivial quasi-convex null se- 
quences when one leaves the class of locally compact abelian groups. Indeed, in the absence of 
local compactness. Theorem 1 1.4 1 mav fail even in the presence of strong compactness-like proper- 
ties. 

Theorem A. Let p = 2orp = 3, and let k, be an infinite cardinal. 

(a) There exists a minimal abelian group G of exponent p^ such that \pG\ =k and G admits no 
non-trivial quasi-convex null sequences. 

(b) If K^ = K, then there exists a minimal pseudocompact abelian group of exponent p^ such that 
\pG\ = K and G admits no non-trivial quasi-convex null sequences. 

In part (b) of Theorem lAl pG is a pseudocompact group (being a continuous image of G), and 
thus \pG\ = K must satisfy certain constraints that the size of every infinite pseudocompact homo- 
geneous space does: k>c, and k cannot be a strong limit cardinal of countable cofinality (cf. [[T4l 
1.2, 1.3(a)]). We note that both of these conditions follow from the hypothesis k'^ = k. Under the 
Generalized Continuum Hypothesis (GCH), k'^> k for a cardinal k > c if and only if k is a strong 
limit cardinal of countable cofinality. Therefore, under GCH, the hypothesis k'^ = k is not only 
sufficient but also necessary for the existence of a group G as in Theorem lAl b). 

Theorem B. Under Martin 's Axiom (or the Continuum Hypothesis), there exists a countably com- 
pact minimal abelian group of exponent 4 such that 2G is infinite and G admits no non-trivial 
quasi-convex null sequences. 

The proofs of Theorems |A] and |B] are presented in ^ and they are based on "lifting" known 
examples of precompact abelian groups of exponent p that admit no non-trivial convergent se- 
quences at all (cf. HB, dl Theorem 3], O 8.1 & 9], and Ml). Although TheoremUmay appear 
to suggest a negative answer to |l7l Problem II], it is possible to establish a criterion in the spirit 
of Theorem 1 1.41 for precompact groups of a finite exponent. To that end, recall that a subset A of 
a topological space X is sequentially open if for every convergent sequence {x„} CX such that 
lima;„ G A, one has Xn&A for all but finitely many n. 
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Theorem C. For every bounded precompact abelian group G, the following statements are equiv- 
alent: 

(i) G admits no non-trivial quasi-convex null sequences; 

(ii) one of the subgroups G[2] = {gEG\2g = 0} or G[3] = {gEG\3g = 0} is sequentially open 
in G. 

The proof of Theorem Ois presented in ^ 

Certainly, the entire problem of searching for non-trivial quasi-convex null sequences is mean- 
ingless in a group that admits no non-trivial convergent sequences at all. While w-bounded groups 
are known to have non-trivial convergent sequences, our interest in minimal abelian groups is also 
motived by a recent result of Shakhmatov, which guarantees the existence of non-trivial convergent 
sequences in minimal abelian groups (cf. [28, 1.3]). 

Theorem D. For every minimal abelian group G, the following statements are equivalent: 
(i) G admits no non-trivial quasi-convex null sequences; 
(ii) G = PxF, where P is a minimal bounded abelian p-group (p < 3) admitting no non-trivial 

quasi-convex null sequences, and F is a finite abelian group; 
(iii) one of the subgroups G\l] = {gEG\2g = Q} or G[?>\ = {gEG\?>g = Q} is sequentially open 

in G; 
(iv) G contains a sequentially open compact subgroup of the form TL^ or Zg for some cardinal k. 

The following result shows that much of Theorem 1 1.41 can be salvaged by imposing stronger 
compactness-like properties. 

Theorem E. The following statements are equivalent for every abelian group G that is u -bounded 
or totally minimal: 

(i) G admits no non-trivial quasi-convex null sequences; 

(ii) one of the subgroups G[2] = {g^G\2g = Q} or G\^] = {g^G\?>g = Q} is open in G; 
(iii) one of the subgroups 2G and SG is finite. 

Furthermore, ifG is totally minimal, then these conditions are also equivalent to: 

(iv) G = 'Ij2y<ForG = 'Ij'^xF, where k, is some cardinal and F is a finite abelian group. 

Theorems |A] and |B] show that in Theorem IB one cannot weaken "w-bounded" to "countably 
compact and minimal" (or to "pseudocompact and minimal"), and "totally minimal" to "minimal" 
in Theorem lEl Therefore, Theorem iDl is the best one can achieve in the class of minimal abelian 
groups. The proofs of Theorems |D] and |E] are presented in [|5] The totally minimal case of The- 
orem |E] relies on intermediate steps in the proof of Theorem |Dl One of the main ingredients of 
Theorem Id] is the following result. 

Theorem F. Let {g„}5^Q be a sequence of positive integers, and put hn = qo- ■■qn for every n G N. 
If qn^^ for every n G N, then { ^ }^q is a quasi-convex sequence in T. 

Theorem |F] implies that the subgroup of Q/Z generated by elements of prime order admits 
a non-trivial quasi-convex null sequence. We note that the condition g„ > 8 in Theorem |F] is un- 
necessarily restrictive, and can be replaced with g„ >5; however, the proof of the latter is more 
complicated and longer, and Theorem |F] is sufficient for establishing Theorem |Dl The proof of 
Theorem IH is presented in ^ 
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Finally, we turn to posing some open problems. As we mentioned earlier, under GCH, the 
hypothesis /t'^ = k is not only sufficient but also necessary for the existence of a group G as in The- 
oremlAlb). Thus, in ZFC, it is not possible to prove Theorem lAtb) without the assumption k'^ = k. 

Problem I. Let p = 2 or p = 3, and let k be a cardinal such that k > c and k'^ > n. Is it consistent 
that there exists a minimal pseudocompact abelian group of exponent p^ such that \pG\ = k and G 
admits no non-trivial quasi-convex null sequences? 

We show in ^ that if one of the subgroups G[2] or G[3] is sequentially open in (locally) 
precompact group G, then it contains no non-trivial quasi-convex null sequences (Proposition l3.1l) . 
Theorems ICllDl and|E]state that the converse of this implication is also true in each of the classes of 
bounded precompact, minimal, totally minimal, and w-bounded abelian groups. Thus, it is natural 
to ask whether the implication remains reversible in general, without assuming some compact-like 
properties. 

Problem II. Let G be a (locally) precompact group, and suppose that G admits no non-trivial 
quasi-convex null sequences. Is one of the subgroups G[2] or G[3] sequentially open in G? 

2. Preliminaries 

In this section, we provide a few well-known definitions and results that we rely on in the paper. 
We start off by recalling some terminology from duality theory. Let iJ be a subgroup of an abelian 
topological group G. The annihilator of H inG is the subgroup H^ :={x^G\ x{H) = {0}}. The 
subgroup H is dually closed in G if H = P|{ker x\x^ H-^}. Since H^ = H^ for every subgroup, 
H is dually closed in G if and only if it is quasi-convex in G. The subgroup H is dually embedded 
in G if every continuous character of H has an extension to a continuous character of G, that is, 
the restriction homomorphism G^H is surjective. 

Examples 2.1. 

(a) If H is an open subgroup of the abelian topological group G, then H is dually closed and 
dually embedded in G (cf. [23. 3.3]). 

(b) If if is a closed subgroup of a locally compact abelian group L, then H is dually closed and 
dually embedded in L (cf. [|24l Theorems 37 and 54]). 

(c) If iJ is a dense subgroup of an abelian topological group G, then H is dually embedded in G. 

(d) Every subgroup of a locally compact group is dually embedded in it. 

Lemma 2.2. Let G be an abelian topological group. 

(a) IfH is a dually embedded subgroup ofG, then Qh{S) = QG{S)nH for every subset S ofH. 

(b) If H is a dually closed and dually embedded subgroup ofG, then Qh{S) =Qg{S) for every 
subset S of H. 

Lemma IX2l is similar to [|7l 5.1], and its proof, which relies on the following general property 
of the quasi-convex hull, is provided here only for the sake of completeness. 

Lemma 2.3. ([I2T1 1.3(e)], [[61 2.7]) If f '■ G—^H is a continuous homomorphism of abelian topo- 
logical groups, and ECG, then /{QoiE)) C Q „{/{£)). 
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Proof of Lemma \TJ2\ Let S" C iJ be a subset. 

(a) Let l: H —^G denote the inclusion map. By Lemma [231 

QH{S)CL-\QG{S)) = QG{S)nH. 

To show the reverse inclusion, let heQG{S)nH. If x^if is such that xiS) ^T+, then x = 4'\h 
for some tp&G (as H is, dually embedded in G), and one has tp{S) = xiS) CT+. Consequently, 
x{h) = il}{h) gT+, because heQciS). This shows that QGiS)r\H CQjj(S), as required. 

(b) Since H is dually closed, Qg{S)'^Qg{H)=H. Consequently, the statement follows from 
part (a). D 

Examples 12. II combined with Lemma [Z2l yields the following consequences. 

Corollary 2.4. Let G be a {locally) precompact abelian group, and H a closed subgroup. Then 
H is dually closed and dually embedded in G, and if {xn}^H is a quasi-convex sequence, then 
{xn} is quasi-convex in G. 

Proof. Both G and H are subgroups of the completion G, which is locally compact. Thus, by 
Example |2.ir d), G and H are dually embedded in G. In particular, H is dually embedded in G. By 
Example 12. If b), cl^H is dually closed in G. Therefore, by Lemma [Z2t a), 

g^(ij) = g~(if)nGcgg(clgif)nGc(clgi7)nG=i7, 

because H is closed in G. This shows that H is dually closed in G. The second statement follows 
now by Lemma [Zll b). D 

Corollary 2.5. Let G be a {locally) precompact abelian group, H a (not necessarily closed) sub- 
group, {Xn\ ^G a quasi-convex sequence such that Xn&H for infinitely many nGN, and {a;„^} 
the subsequence of {xn} consisting of all members that belong to H. Then {xn^} is quasi-convex 
in H. 

Proof. Both G and H are subgroups of the completion G, which is locally compact. Thus, by 
Example l2.ir d'). G and H are dually embedded in G. In particular, H is dually embedded in G. Put 

5 := {±a;„ I n G N}U{0} and S' := {±a;„J A; gN}U{0}. By LemmaQa), 

QH{S')=QG{S')r}H 'ZQG{S)r}H =Sr}H. 

It follows from the definition of the subsequence {x„j. } that Sr\H = S', as desired. D 

We turn now to minimality and total minimality. 

Theorem 2.6. Let G be an abelian group with completion G. Then: 

(a) (jm Theorem 2],|l25l, [H Propositions 1 and 2], |l22l 3.31]) G is minimaUf and only if G is 
precompact and GnH^{Q} for every non-trivial closed subgroup H ofG; 

(b) ( ifTOl . [[22l 3.31]) G is totally minimal if and only if G is precompact and Gil H is dense in H 
for every closed subgroup ofG. 

Recall that the socle of soc( A) of an abelian group A is the subgroup of torsion elements whose 
order is square-free, or equivalently, the direct sum of the subgroups A[p]:={xEA\px = 0}, where 
p ranges over all primes. We put tor(A) for the torsion subgroup of A. 
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Corollary 2.7. Let G be an abelian group with completion G. 

(a) IfG is minimal, then soc(G') C G. 

(b) dHH 4.3 A]lIfG is totally minimal, then tor(G) C G. 

Furthermore, ifG is a bounded compact abelian group, then the converse of (a) is also true. 

Definition 2.8. (flU, [ITTl p. 141]) A compact abelian group is an exotic torus if it contains no 
subgroup that is topologically isomorphic to the Jp (p-adics) for some prime p. 

The notion of exotic torus was introduced by Dikranjan and Prodanov in dU, who also provided, 
among other things, the following characterization for such groups. 

Theorem 2.9. ([I9l|, ^ 2.6]) A compact abelian group K is an exotic torus if and only if it contains 
a closed subgroup B such that 

(i) K/B = T" for some n G N, and 

(ii) 5 = n Bp' where each Bp is a compact bounded abelian p-group. 

p 
Furthermore, if K is connected, then each Bp is finite. 

Recall that a topological group is pro-finite if it is the (projective) limit of finite groups, or 
equivalently, if it is compact and zero-dimensional. For a prime p, a topological group G is called 
a pro-p-group if it is the (projective) limit of finite p-groups, or equivalently, if it is pro-finite and 
x^" — y e for every xeG (or, in the abelian case, p'^x — )■ 0). 

Theorem 2.10. ([[D, [|20l Corollary 8.8(ii)], [El 4.1.3]) Let G be an abelian pro-finite group. Then 

G = n Gp, where each Gp is a pro-p-group. 

p 

Finally, we note for the sake of clarity that in our notation, N={0,1,2,. . .}, that is, OgN. 

3. Counterexamples 

Theorem |Al Let p = 2 or p = 3, and let k, be an infinite cardinal. 

(a) There exists a minimal abelian group G of exponent p^ such that \pG\ = k and G admits no 
non-trivial quasi-convex null sequences. 

(b) If K^ = K, then there exists a minimal pseudocompact abelian group of exponent p^ such that 
\pG\ = K and G admits no non-trivial quasi-convex null sequences. 

Theorem iBl Under Martin's Axiom (or the Continuum Hypothesis), there exists a countably com- 
pact minimal abelian group of exponent 4 such that 2G is infinite and G admits no non-trivial 
quasi-convex null sequences. 

In this section, we prove Theorems lAl and iBl 

Proposition 3.1. Let G be a (locally) precompact abelian group such that G[2] or Gp] is se- 
quentially open in G. Then G admits no non-trivial quasi-convex null sequences. In particular, if 
2G or 3G admits no non-trivial null sequences, then G admits no non-trivial quasi-convex null 
sequences. 
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Lemma 3.2. ([T, 5.3]) If G is an abelian topological group of exponent 2 or 3, then G admits no 
non-trivial quasi-convex null sequences. 

Proof of Proposition 13. li Suppose that G [p] is sequentially open in G, where p = 2 or p = 3, 
and let {x„} C G be a quasi-convex null sequence. Then Xn EG[p] for all but finitely many nEN. 
Let {xn^} denote the subsequence of {x„} consisting of all members that belong to G\p]. By 
Corollary 12. 5[ {x„j.} is a quasi-convex null sequence in G[p]. Therefore, by Lemma [X2l {x„^} is 
trivial, and hence {xn} is trivial. 

In order to show the second statement, we observe that pG is a continuous homomorphic image 
of G/G\p]. Thus, if pG has no non-trivial null sequences, then G/G[p] has no non-trivial null 
sequences either, and therefore G[p] is sequentially open in G. D 

Lemma 3.3. Let V be a topological property that is an inverse invariant of open perfect maps, 
p a prime number, and D a non-trivial precompact abelian group of exponent p with property V. 
Then there exists a minimal abelian group of exponent p^ with property V such that pG = D. 

Proof. Since D has exponent p, so does its completion D, and thus D = Zp for some cardinal A 
(cf. fTTl 4.2.2]). Put K ■.= Z\, and let /: K ^pK = D denote the continuous homomorphism de- 
fined by /(x) =px. Since K is compact, the map / is open and perfect. Consequently, G := f^^{D) 
has property V, the exponent of G is p^ (because pG = f{G)=D is non-trivial), and G is dense 
in K. In particular, K = G, and thus soc{G) = K\p] =ker/CG. Therefore, by Corollary I2.7r a). G 
is minimal. D 

Proof of Theorem |A1 (a) Let k be an infinite cardinal, and let D denote the direct sum Zp"^ 
equipped with the Bohr-topology. By Lemma [33] (with V the trivial property), there exists a min- 
imal abelian group G of exponent p'^ such that pG = D. By a well-known theorem of Flor, the 
Bohr-topology of a discrete abelian group admits no non-trivial convergent sequences (cf. [16]). 
Hence, by Proposition 13. 11 G admits no non-trivial quasi-convex null sequences. This completes 
the proof, because \pG\ = \Zp \ = k. 

(b) Let K be an infinite cardinal such that n^ = k. By a theorem of Dijkstra and van Mill (cf. (H 
Theorem 3]; see also [fTTl 5.8]), the compact group Z'l admits a subgroup D such that: 

(1) D is dense in the G^-topology of Z^; 

(2) D contains no non-trivial convergent sequences; and 

(3) \D\=K. 

It follows from property (1) that D is pseudocompact (cf. flU 1.2]). Since pseudocompactness is 
an inverse invariant of open perfect maps (cf. [|15[ 3.10.H]), by Lemma [33l there exists a pseudo- 
compact minimal group G of exponent p'^ such that pG = D. Hence, by Proposition [3T1 G admits 
no non-trivial quasi-convex null sequences. This completes the proof, because \pG\ = \D\ =Khy 
property (3). D 

Proof of Theorem [B Van Douwen showed that under MA, there exists an infinite countably 
compact abelian group D of exponent 2 that admits no non-trivial convergent sequences (cf. [fT3l 
8.1]), and he also observed that under CH, a construction of Hajnal and Juhasz yields a group D 
with the same properties (cf. [T8] and [TT, 9]). Since countable compactness is an inverse invariant 
of perfect maps (cf. [il5t 3.10.10]), by Lemma [331 there exists a countably compact minimal group 
G of exponent 4 such that 2G = D. Hence, by Proposition |3.1l G admits no non-trivial quasi-convex 
null sequences. D 
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4. Bounded precompact groups without non-trivial quasi-convex null sequences 

Theorem [Cl For every bounded precompact abelian group G, the following statements are equiv- 
alent: 

(i) G admits no non-trivial quasi-convex null sequences; 

(ii) one of the subgroups G\l] = {gEG\2g = Q} or G[3] = {(? G G | 8(7 = 0} is sequentially open 
in G. 

In this section, we prove Theorem O Recall that a set {/i, ...,/„} of non-zero elements in an 

n 

abelian group G is independent if whenever '^kfi = for some /, G Z, then lifi = for every i, or 

4 = 1 

equivalently, if (/i, ...,/„) = (/i)©- ■ ■©(/«)• 

Lemma 4.1. Let {/i, . . . , /„} be an independent subset of a (locally) precompact abelian group G. 
If4:<o{fi) <oo for every l<i<n, then X:={0}U{±/i,. . . ,±/n} is quasi-convex in G. 

00 
Proof. Set mk: = o{fk) for l<k<n, mk = A for k>n, and -P:= H ^m^- For every k>\, put 

fc=i 
Cfc := (0, . . . , 0, 1, 0, . . .), with 1 at the A;-th coordinate and zero elsewhere. The authors showed in an 

earlier work that 5" := {0}U{±efc | A; > 1} is quasi-convex in P (cf. [iTj, 5.5]). Thus, by Corollary 12.41 

and Lemma IZ2l a). S':={0}U{±efc \l<k<n} is quasi-convex in H:=Zmi x- ■■ xZm„ (because 

s=S'nH). 

Put F:=(/i,. ..,/„) = (/i)©---©(/„). Clearly, F is finite. Consequently, the homomorphism 
if. F^ H defined by fifi) = Cj for 1 < z < n is a topological isomorphism. Therefore, X = Lp^^(S) 
is quasi-convex in F. Hence, by Corollary 12. 4 1 and Lemma IZll' b). X is quasi-convex in G. D 

Proposition 4.2. Let E and F be finite abelian groups, and suppose that exp E>A. Then every 
dense subgroup A<Fx E'^ contains a non-trivial null sequence that is quasi-convex both in A 
and in FxE"^. 

Proof. For every positive integer n, let 7r„ : F x E'^ —^FxE"^ denote the canonical projection of 
the first n+1 coordinates. Pick yEE such that o(y) = expE. Since A is dense in F x E'^, one has 
TTn{A) = F X E"^'. Thus, for every n, we may picka;„GA such that 7r„(a;„) = (0,. . . ,0,?/). We claim 
that {xn} is a quasi-convex null sequence in A and F x F". 

Step L We show by induction on n that the set {7r„(xi),. . . ,7r„(s„)} is independent in FxE^. 
For n = 1, the statement is trivial, because tti (xi) is non-zero. Assume now that the statement holds 

71+1 n+1 n 

for n, and suppose that Yl hT^n+ii^i) =0 for /j gZ. Then ^ liTXn{xi) =0, and thus ^ /j7r„(a;j) =0, 

i=l i=l i=l 

because 7r„(2;„+i) =0. By the inductive hypothesis, it follows that liTXn{xi)={) for l<i<n. The 
(i + l)-th coordinate of 7r„(xi) is y, and so o{y)\li for l<i<n. Therefore, liXi = Q for l<i<n, 

n 

because o(y) = exp F. Hence, /n+i7rn+i(x„+i) = — ^/j7r„+i(xi) = 0, as required. 

i=l 

Step 2. Put 5":= {0}U{±x„ | nGN}. By LemmagU 7r„(S') = {0}U{±7r„(xi), . . . , ±7r„(x„)} is 
quasi-convex in FxE", because o(7r„(a;j)) =o(y) = exp£'>4. Thus, by Lemma [23l 
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for every n. Therefore, 

oo 

Qirx£;"(S')Cp|(S'+ker7r„)=clirxi<;"5', (1) 

n=l 

because {ker 7r„},^]^ is a base for the topology of F x E^ at zero. Since Xk E ker 7r„ for every k>n, 
it follows that {x„} is a null sequence, and S is closed in FxE"^. Hence, by ([T]), S is quasi-convex 
in FxE'^, as desired. By Corollary 12.51 this implies that {x„} is quasi-convex in A as well. D 

Corollary 4.3. Let K be an infinite bounded compact metrizable abelian group that contains no 
open compact subgroup of the form Z2 and Z3 . Then every dense subgroup A of K contains 
a non-trivial null sequence that is quasi-convex in both A and K. 

Proof. Since K is bounded compact abelian, it is topologically isomorphic to a product of finite 
cyclic groups (cf. lITll 4.2.2]). The number of the factors is countably infinite, because K is me- 
trizable and infinite, and the number of non-isomorphic factors is finite, as K is bounded. Thus, 

i^ = FxZ^^ X ■ ■ ■ xZ^^, where F is a finite abelian group and mi,.. . ,mi are distinct integers. 
Consequently, for F : = Z^^ x ■ ■ ■ x Z^, , one has K = Fx E"^ . Since K contains no open compact 
subgroup of the form Z2 and Z3 , clearly F 7^ Z2 and F 7^ Z3 . Therefore, exp {E)>A, and hence the 
statement follows by Proposition 14.21 D 

Corollary 4.4. Let Abe a bounded precompact metrizable abelian group. If the subgroups A\2] 
and A [3] are not open in A, then A contains a non-trivial null sequence that is quasi-convex in 
both A and the completion A of A. 

Proof. Put K:=A. Since A is metrizable and bounded, so is K. One has A[p] = K\p\nA, and 
thus K[2] and ^[3] are not open in K. In particular, K is infinite, and it contains no open compact 
subgroup of the form Zg and Z3 . Hence, the statement follows from Corollary 14. 3 [ D 

Lemma 4.5. If A is a bounded precompact abelian group generated by a null sequence {wn}, then 
A is metrizable. 

Proof. Let m denote the exponent of A. Clearly, every character x G G is completely determined 
by the values x(w„) taken at the generators of A. Since {u'„} is a null sequence and x is contin- 
uous, x(^i^n) ->0 in T, and x{^n) belongs to the cyclic subgroup of order m T, because mA = 0. 
Consequently, x(a^n) = for all but finitely many indices n. Therefore, G is countable. Hence, G 
is metrizable (cf. [W, 2. 12]). D 

Proof of Theorem [Cl (ii) ^ (i): This implication holds even without the assumption that G 
is bounded, and has already been shown in Proposition 13. II 

(i) ^ (ii): Suppose that neither ^[2] nor G[3] is sequentially open in G. Then there are se- 
quences {?/„} and {zn} in G that witness that G[2] and ^[3] are not sequentially open. In other 
words, yn^Vo ^ Gp], but ?/„ ^G[2] for infinitely many indices n, and z„ -^ZqE G[3], but Zn ^G[3] 
for infinitely many indices n. By replacing {?/„} with {yn—yo} and {zn} with {zn—zo}, we may 
assume that y„ — > and Zn—^0. 

Let {w„} denote the alternating sequence yi,zi,y2,Z2,.. .. Clearly, {w„} is a null sequence, 
and Wn^G[2] for infinitely many indices n and Wn^G[3] for infinitely many indices n. Let A 
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denote the subgroup of G generated by {wn}- Then A is a bounded precompact abelian group, and 
by Lemma |431 A is metrizable. Although Wn — ?• 0, one has Wn ^ ^[2] = G[2] P\A for infinitely many 
indices n and u'„ ^ A[2] = GfS] flA for infinitely many indices n. Thus, the subgroups A\2] and yl[3] 
are not open in A. Therefore, by Corollary I4.4[ there is a non-trivial null sequence {x„} CA such 
that {xn} is quasi-convex both in A and the completion A of A. 

Since the completion A is a closed subgroup of the completion G of G, by Corollary I2.4[ 
{xn} is also quasi-convex in G. Hence, by Corollary |2.5[ {xn} is quasi-convex in G, because 
{xn}^A(ZG. U 

5. Compact-like abelian groups that admit no non-trivial quasi-convex null sequences 

Theorem iDl For every minimal abelian group G, the following statements are equivalent: 
(i) G admits no non-trivial quasi-convex null sequences; 
(ii) G = PxF, where P is a minimal bounded abelian p-group (p < 3) admitting no non-trivial 

quasi-convex null sequences, and F is a finite abelian group; 
(iii) one of the subgroups G[2] = {gEG\2g = 0} or G[3] = {g&G\3g = 0} is sequentially open 

in G; 
(iv) G contains a sequentially open compact subgroup of the form JJ^ or Zg for some cardinal k. 

Theorem |El The following statements are equivalent for every abelian group G that is u-bounded 
or totally minimal: 

(i) G admits no non-trivial quasi-convex null sequences; 

(ii) one of the subgroups G[2] = {gEG\2g = 0} or G[3] = {gEG\3g = 0} is open in G; 
(iii) one of the subgroups 2G and 3G is finite. 

Furthermore, ifG is totally minimal, then these conditions are also equivalent to: 

(iv) G = Z2 X F or G = Z3 X F, where k, is some cardinal and F is a finite abelian group. 

In this section, we present the proofs of Theorems |D] and |El Since the latter relies on the former 
one, we prove Theorem ID] first. 

Proposition 5.1. Let G be a minimal abelian group that admits no non-trivial quasi-convex null 
sequences. Then the completion G ofG contains no closed subgroup H such that soc{H) contains 
a non-trivial null sequence that is quasi-convex in H. 

Proof. Let {x^} Csoc(i7) be a non-trivial null sequence that is quasi-convex in H. Since H is 
closed in G, by Corollary 12 .41 {x„} is quasi-convex in G. By Corollary I2.7r a). soc(G) CG, and 
thus {xn} C G. Therefore, by Corollary I2.5[ {x„} is a non-trivial quasi-convex null sequence in G, 
contrary to our assumption. D 

Proposition 5.2. Let G be a minimal abelian group that admits no non-trivial quasi-convex null 
sequences. Then the completion GofG contains no subgroups that are topologically isomorphic 
to: 

(a) Jp for some prime p, 

(b) T, or 

00 

(c) Yl ^j-fe for square-free numbers r^ > 3. 

k=l 
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Proof, (a) Assume that iJ is a subgroup of G that is topologically isomorphic to Jp for some 
prime p. By Theorem [231 a), there is ?/ G GnH such that y 7^ 0. Since clg(|/) =Jp, by replacing H 
with c\^{y) if necessary, we may identify {y) with Z in J^. Thus, by Example II .Sf a). H admits 
a non-trivial quasi-convex sequence {x„} such that {xnjCGniJ. Since H is closed in G, by 
Corollary 12 .41 {x„} is quasi-convex in G. Therefore, by Corollary 12.51 {x„} is a non-trivial quasi- 
convex null sequence in G, contrary to our assumption. 

(b) Assume that i7 is a subgroup of G that is topologically isomorphic to T. Then H is closed 
in G, and by Example 16. 7[ H admits a non-trivial quasi-convex null sequence {x„} such that 
{x„} Csoc(iJ) =soc(T). By Proposition [5T1 the statement follows. 

(c) Assume that if is a subgroup of G that is topologically isomorphic to Y\ Z^^., where r^ > 3 

_ fc=i 

and Tk is square-free for every k. Then H is closed in G, and by Example I l.Sr c). H admits a non- 
00 

trivial quasi-convex null sequence {xn} such that {xn} Csoc(if ) = Z^.^^. The statement follows 

k=l 

now by Proposition l5.ll D 

Lemma 5.3. Let K be a compact abelian group that contains no subgroups that are topologically 

00 

isomorphic to T, Jpfor some p, or Y[ ^r^ far square-free numbers r^ > 3. Then K = Kp x F, where 

fc=i 
Kp is a compact bounded abelian p- group, p<3, and F is a finite abelian group. 

Proof. Step 1. Suppose that i^ is a pro-finite group. Since K contains no subgroups that are 
topologically isomorphic to Jj, for some prime p, it is an exotic torus. The group K has no con- 
nected quotients, because it is pro-finite, and thus, by Theorem |2.9[ K = Y[Kp, where each Kp is 

p 
a compact bounded abelian p- group. Consequently, each Kp is topologically isomorphic to a prod- 
uct of finite cyclic p-groups (cf. [[TTl 4.2.2]), and Kp is infinite if and only if it contains a subgroup 
that is topologically isomorphic to Z^ . By our assumption, K contains no such subgroups for p>3. 
Hence, Kp is finite for p>3. 

Put K' := Yl Kp.lf K' is infinite, then there are infinitely many primes pfc > 3 such that Kp^, ^ 0. 

p>3 

Consequently, K' (and thus K) contains a subgroup that is topologically isomorphic to the product 

00 

Yl Zp^, contrary to our assumption. This shows that K' is finite. 

k=l 

Finally, if both K2 and K3 are infinite, then K contains a subgroup that is topologically iso- 
morphic to Z2 X Z3 = Zg , contrary to our assumption. Hence, one of K2 and K^ is finite, and either 
K = K2xF, where F: = K3xK' is finite, ox K = K^^x F , where F : = K2X K' h finite. 

Step 2. In the general case, we show that K is pro-finite. To that end, let G be the connected 

component of K. Since K is an exotic torus, so is C, and by Theorem |2.9[ G contains a closed 

subgroup B such that 5 = H Bp, where each Bp is a finite p-group, and G / B = T" for some n G N. 

p 
In particular, i? is a compact pro-finite group that satisfies the conditions of this lemma. Thus, by 

what we have shown so far, B' ■.= Y\ Bph finite, and therefore B = B2xBsxB' is finite. Conse- 

p>3 

quently, by Pontryagin duality, B = C/B^ is finite (cf. BM Theorem 54]), and B^ = cffB = I/' 
(cf. [24, Theorem 37]). This implies that G is finitely generated. On the other hand, G is torsion 
free, because G is connected (cf. [24, Example 73]), which means that G = Z" and C = T". By our 
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assumption, however, K contains no subgroup that is topologically isomorphic to T. Hence, ?2 = 
and C = 0. This shows that K = B h pro-finite, and the statement follows from Step 1. D 

Corollary 5.4. Let G be a minimal abelian group that admits no non-trivial quasi-convex null 
sequences. Then the completion G of G is a bounded compact abelian group, and G = Kp x F, 
where Kp is a compact bounded abelian p- group, p<3, and F is a finite abelian group. D 

Proof of Theorem [Dl (i) =^ (ii): Let G be a^minimal abelian group that admits no non-trivial 
quasi-convex null sequences. By Corollary 15.41 G = KpXF, where Kp is a compact bounded abe- 
lian p-group (p < 3), and F is a finite abelian group. Without loss of generality, we may assume that 
F contains no p-elements. Let e=p""m be the exponent of G, where m and p are coprime. Then 
p°-G is dense in p'^G = F, and thus F=p'^GCG. Therefore, for P: = Gr\Kp, one has G = PxF, 
and P is a bounded abelian p-group. Since P is a closed subgroup of G, by Corollary 12. 4[ every 
quasi-convex sequence in P is also quasi-convex in G, and so P admits no non-trivial quasi-convex 
null sequences. In order to show that P is minimal, let if be a closed subgroup of PC Kp. Then, 



in particular, iJ is a closed subgroup of G. Consequently, by Theorem 12. Gt a). 

PnH ={GnKp)nH =GnH ^{0}, 

because G is minimal. Hence, by Theorem 12. 6r a). P is minimal. (It is well known that closed cen- 
tral subgroups of minimal groups are minimal, but in this case, a direct proof was also available.) 

(ii) =^ (iii): By Theorem l2.6r a). P is precompact. Thus, by TheoremO P[2] or P[3] is sequen- 
tially open in P. Since F is finite, P is open in G. Therefore, P[2] or P[3] is sequentially open 
in G. Hence, G[2] or G[3] is sequentially open in G. 

(iii) =^ (iv): Since G is minimal, by Corollary I2.7r a). G[p] = G[p] for every prime p, and in 
particular G[p] is compact. Thus, G[p] =Zp'' for some cardinal Kp for every prime p. 

(iv) =^ (i): If G contains a sequentially open compact subgroup of the form Z2 or Z3, then G[2] 
or G[3] is sequentially open in G, and therefore the statement follows by Proposition [3T1 D 

We turn now to the case where G is w-bounded. 

Proposition 5.5. Let G be an u-bounded abelian group that admits no non-trivial quasi-convex 
null sequences. Then: 

(a) G is bounded; 

(b) the subgroup Gp of p-elements is finite for p > 3; 

(c) at least one 0/G2 cind G3 is finite; 

(d) 2G2 and 3G3 are finite. 

The proof of Proposition l5.5l is based on a well-known result of Comfort and Robertson. 

Theorem 5.6. (flSl 7.4]) Every pseudocompact abelian torsion group is bounded. 

Proof of Proposition 15.51 (a) Let xeG. Since G is w-bounded, (x) is contained in a com- 
pact subgroup of G, and thus K: = cIg{x) is compact. If x has an infinite order, then 2K and 3K 
are infinite, and so by Theorem ll.4[ K admits a non-trivial quasi-convex null sequence {xn}. Since 
i^ is a closed subgroup of G, by Corollary 12.41 {x„} is a non-trivial quasi-convex null sequence 
in G, contrary to our assumption. This shows that every element in G has a finite order; in other 
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words, G is a torsion group. Since G is w-bounded, in particular, it is pseudocompact. Hence, by 
Theorem 15 .61 G is bounded. 



(b) Let j9 be a prime, and suppose that Gp is infinite. Then G\p\ contains a countably infinite 
subset S, which in turn is contained in a compact subgroup K, because G is w-bounded. Since K[p\ 
is an infinite compact group of exponent p, it is topologically isomorphic to Z^ for some infinite 
cardinal A (cf. [fTTl 4.2.2]). In particular, G contains a closed subgroup H that is topologically 
isomorphic to Ui. 

If p>3, then by Example [T3tc), H admits a non-trivial quasi-convex null sequence, and since 
H is closed in G, this sequence will also be quasi-convex in G according to Corollarv l2.4l contrary 
to our assumption. This shows that Gp is finite for p > 3. 

(c) Assume that both G2 and G3 are infinite. Then, by what we have seen so far, G contains 
a subgroup if 2 that is topologically isomorphic to TJ^, and a subgroup if 3 that is topologically 
isomorphic to Z3. Thus, H:=H2+H'i is topologically isomorphic to Zg. By Example 1 1.3r c). 
H admits a non-trivial quasi-convex null sequence, and since H is closed in G, this sequence will 
also be quasi-convex in G according to Corollary 12.41 contrary to our assumption. This shows that 
at least one of G2 and G3 is finite. 

(d) Letp = 2 orp = 3, and assume thatpGp is infinite. Then, in particular, {pGp)\p\ is infinite, 
and so there is a countably infinite subset 5* of G such that pS is infinite and p^5' = 0. Since G is 
w-bounded, S is contained in a compact subgroup K of G. By replacing K with K[p^] if neces- 
sary, we may assume that K has exponent p^, and so K is topologically isomorphic to Z^^ x Z'^l 
for some cardinals Ai and A2. As pSCpK = Zp'^ is infinite, A2 is infinite, and thus G contains a 
subgroup H that is topologically isomorphic to Z'^a- By Example II. 3 T c). H admits a non-trivial 
quasi-convex null sequence, and since H is closed in G, this sequence will also be quasi-convex 
in G according to Corollary I2.4[ contrary to our assumption. This shows that 2G2 and 3G3 are 
finite. D 



We are now ready to prove Theorem El 



Proof of Theorem El By Proposition [311 the implication (ii) =^ (i) holds for every precom- 
pact group, and obviously so does the equivalence (ii) <^ (iii). The implication (iv) =^ (iii) is also 
clear. Thus, it suffices to prove that (i) =^ (iii), and if G is totally minimal, (i) =^ (iv). 

Suppose that G is w-bounded and admits no non-trivial quasi-convex null sequences. Then, 
by Proposition 15. Sf a), G is bounded, and so G is bounded. Thus, G is a product of its subgroups 
of p-elements, and therefore G = G2 x G3 x Gp^ x • • ■ x Gp^ , where pi,. .. ,pi>3 are prime factors 
of the exponent of G. By Proposition 15. Sf b), each Gp^ is finite. By Proposition 15. 5r c), one of G2 
and G3 is finite, and so G = GpXF, where p = 2 or p = 3, and F is a finite abelian group of order 
coprime to p. By Proposition 15 .5r d). pGp is finite, and hence pG = pGp x F is finite, as desired. 

Suppose that G is totally minimal and admits no non-trivial quasi-convex null sequences. Then, 
by Corollarv l5.4[ the completion G of G is bounded. Thus, by Corollarv l2.7r b), G = G, and so G 
is compact. Hence, both (iii) and (iv) follow from Theorem [L4l D 

6. Sequences of the form {^}^o ^^ ^ 

Theorem |Fl Let {g„}5^o ^^ ^ sequence of positive integers, and put bn = qo- ■■qn far every n G N. 
If In >8for every tieN, then {-^}'^=o is a quasi-convex sequence in T. 
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In this section, we prove Theorem|Fl Although in Theorem|F]itself we require g„ > 8, a number 
of intermediate statements remain true under no conditions at all or weaker conditions imposed 
upon the sequence {g„}. Consequently, we consider {qn}^=Q (and thus {6„}5^q) a fixed sequence 
of positive integers throughout this section, but make no further assumptions about their prop- 
erties; instead, we impose conditions on the {g„} in each statement as needed. Finally, we set 
X:={0}U{±^|nGN}. 

The next theorem is in the vein of |[8l 4.3] and [|7l 3.2], and plays an important role in the proof 
of Theorem IB 



Theorem 6.1. Ifqk+i >4 whenever qk = 7, then Q'f{X) C <| ^ — |ejG{ — 1,0, 1} 

=0 bi 



The proof of Theorem [6. 1 [ requires two preparatory steps. First, as we have seen in [8] and fT\, 
finding a convenient way to represent elements of T is a useful tool in calculating quasi-convex 
hulls of sequences. Let {di]°^Q be an increasing sequence of positive integers such that di \ di+i 
for every iEN. Then zeT (which, as we stated in the Introduction, is identified with (— |, |]) can 

oo 

be expressed in the form z = '^ j-, with Cj integers such that |cj| < 2T^— . (We consider d_i = 1.) 



j=0 



This representation, however, need not be unique: For example, if rfo = 3 and di = 6, then | can 
be expressed with Co = and ci = l, but also with Co = l and Ci = — 1. In order to eliminate this 
anomaly, we say that the representation of z is standard if the following conditions are satisfied: 

for all i G N; 



(i) qgZ and \ci\ < 
(ii) 



di 



(iii) if 



k 

k 

E£i. 
di 
i=0 



< 2^ for every keN; 



7^4- for some k, then 



2d, 



< 



fc-1 



i=0 



(In the aforementioned example, Cq = and ci = 1 is a standard representation of |, but cq = 1 and 
Ci = — 1 is not a standard one.) In order to formulate an analogue of [|7l 2.1, 2.2, 2.4], we introduce 
our own rounding functions: For a; G M, we put 

\x'\: = 'm.m{nE'Ij\x<n}, [x] :=max{r2GZ|r2<x}, [xj :=max{nGZ|r2<a;}. 

We note that these are not the usual definitions of the floor and ceiling functions (as we use strict 
inequality in both). 



Lemma 6.2. Let z = ^^eT be a standard representation. 

i=0 ' 

(a) IfmzeT+forallm = l,...,\^], then coe{-l,0,l}. 

(b) If mz eT j^ for all ni=l, . . . , [^] and do y^7, then coG{ — 1,0,1}. 

(c) If mz eT j^ for all m=l,. . . , [^] and for m = dQ — 1, then CoG{ — 1,0,1}. 

Proof, (a) Put /= [^]. Since mzGT+ for aU m = l,. . . ,/, one has ze{1,.. 
1^1 <il< 4- 'Therefore, 



Cn 




Co 




< z\ + 




do 




do 



— < 



ZUq ^do Uq 



,/}^ = Tz, and thus 



Hence, IcqI <2, as desired. 
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(b) For (io = 2 and d^ = 3, the conclusion is trivial. If rfo 7^ 6, 7, then one has [^] < [^] , and the 
statement follows from part (a). Suppose that d^ = 6. Then it is given that z E ¥+, and thus |;z| < |. 



If |;z-^|<:5^,then 



Co 




Co 




<\z\ + 




do 




do 



1 1 



4 2do do ' 



and thus IcqI <2. If \z—- 



^. then |si| 

2do ' 'do' 



<\z\<j, because the representation of z is standard. 



Hence, |co| <2, as desired. 

(c) If do 7^ 7, then the statement follows from (b), and so we may suppose that do = 7. Then it is 
given that z, 6zeT^, which means that 



^G{l,6r = T6U(-i+T6)U(i+T6). 



Thus, l-z] < ^. Therefore, 



Co 




Co 




< -2 + 




do 




do 



<A, 1 



47 48 
< 



24 14 168 168 do 



Hence, |co| <2. 



D 



The second preparatory step to precede the proof of Theorem 16.11 involves finding characters 
in X'^. Let rjo'- T— )•¥ denote the identity homomorphism, and for A; > 1, set7]k: = bk-ir]o. 

Lemma 6.3. If qk>4:, then mr]k G X^ for m = 1, . . . , [^]. If in addition q^^i > 4, then mrjk G X^ 
also for m = qk — l. 



Proof. Fix n eN. if n<k, then r]k{^) 
If n = k, then 'qk^-^^— ''^'^ 
If n>k, then rik{-^ 



bk 
bk~i 



br.'- ^=iO, and thus m77fc(^)GT+. 
i-, and so m'r]k{^) = — ET^ for m = l,..., [^] andm = gfc — 1. 



Qk 



QkQk+l-'-Qn 



and mr/fc(^) 



<?fe<?fc4 



. Consequently, miiki^) E T+ 

l"'Qn ' ^ On ■^ 

for m = 1, . . . , [f 1. If gfc+i >4, then ''"'^ <-^<l, and hence (qk-l)VkiT-) G T+. D 

We are now ready to prove Theorem 16. 1[ 

00 

Proof of Theorem 16.11 Let xeQt{X), and let x= X] f- be a standard representation of x. 



i=0 



Fix kEN, and put dt:-- 



-qk---qk+i for every iEN. (As usual, we consider 6_i = l.) Then 



z: = r]k{x)=bk-iX=iJ2~^ is ^ standard representation of z. Furthermore, if mr]kEX^, then 

j=0 ' 
mz = mr]k (x) E T+ . 

If qt < 4, then | c^ | < y < 2, and there is nothing to prove. So, we may assume that qk > 4. Thus, 

by Lemma 16.31 mr]k E X'^ for m = 1, . . . , [^] . Therefore, mz E T+ for m = 1, . . . , [^]. Therefore, 

if qk 7^7, then by Lemma [6^ b). the first coefficient of z, that is Ck, satisfies CfcGJ— 1,0,1}. If 

qk = 7, then by our assumption, gfc+i>4, and by Lemma [631 {qk — l)r]kEX^. Consequently, by 

Lemma [63l c). the first coefficient of z, that is Ck, satisfies c^ G {— 1, 0, 1}. D 

The next lemma is somewhat similar to E 3.3], both in its content and its role in the proof of 
Theorem IB 
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Lemma 6.4. Let ki,k2eN be such that ki<k2. Then [^]?7fe^± [^J?7fe2 GX^ 
Proof. LetnGN. If n<A;2, thenr7fc2(^) = ^^=iO, and thus 

because [^]^a:i G X'^ by Lemma [63l Suppose now that k2 < n. Then 

l[x]^^.(r)l<^<T^.and 
l[^J'fe(7^)l<^<7- ' 



4 ^ hn qk2 4 4gfe2 

Therefore, 

and hence {[2^]r^,^±[Sl^\r]k.^){l-)eT+. This shows that [2l^]r^,^±[Sl^\r]k.^ GX^ D 

oo 

We introduce further notations to facilitate calculations in T. Let 2; = ^ ^ be a standard rep- 

i=0 ' 

resentation of 2;GT with respect to a sequence {rfjj^o ^^'^^ that di\di+i for every zgN. We 
put A{z) :={zGN|ci7^0}, g(z) :=min{-^ \ieA{z)}, and 5'(a:):= (J_]^ - (As usual, we consider 

d-i = l.) 



00 



Lemma 6.5. Let x = ^f- be a standard representation of xeT, with £jG { — 1,0, 1}. Then, for 
every A;G A(x), one has — (1 — S'(x)) < |77fc(a;)| < — (1 + S'(x)). 



(Jfe \ \ // — I '"-v / I — 5fe 



Proof. One has rik{x)=bk-ix=i ^ ^7^7^77-5 and thus one obtains (modulo 1) 

1 -^ 1 < 1 Y^ 1 _ -^la;) 






00 



qk jr[ qk+i ■ ■ ■ qk+i qk -^ {.q{.x)y qk 



Therefore, —il — Six)) < \rik{x)\ < —il + Six)), as required. D 

Qk Qk 

Lemma 6.6. Suppose that qk+i> A whenever qk = 7, and let xeQt{X). Ifki,k2&A{x) are such 
that ki < k2, then 

"rgfcii I ^ I \ 1 

4 J , L 4 J \r^l_S(^x))<-. 



qk^ qk2 / 4 



18 D. Dikranjan and G. Lukdcs / Compact-like abelian groups without quasi-convex null sequences 

Proof. Vuix-=^kA^]Vki+^k2 [^\Vk2- By Lemma 1641 xGX^, and so x(x) gT+. The condi- 
tions imposed upon {g„}^o guarantee that Theorem |6.1| is applicable, and thus x can be expressed 

oo 

in standard form as s = ^ ^^.^ with ei G { — 1, 0, 1}. In what follows, we use Lemma [63] to estimate 

x{x) from below. 

If q{x) = 2ox q{x)= 3, then the statement is trivial, and so we may assume that q{x) > 4. Then, 
by Lemma [631 \rik. (x) \ < -^ (J = 1,2), and thus 

l'-^\\VkM<['-f]\VkA^)\<^<l- 



Therefore, 



\x{x)\<[^-f]\vkA^)\+[^-f\\vkM\<l 



This implies that we can perform the remaining calculations in [— |, |] CM, and xi^) ^ ^+ if and 
only if — |<x(x)< |. Since the first term of £:fc^r7fc^(x) is —, one has 0<efcj?7fcj(a^)- Consequently, 

by Lemma [631 —i'^ — S(x))<ek,'r]kAx), and hence 

gfci ?fc2 y 4 4 4 

as desired. D 

We are now ready to prove Theorem [B 

Proof of Theorem [B Let x^Qj{X), and assume that x^X. Then |A(x)|>l, and so we 
may pick /ci,/c2GA(x) such that fci < A;2- As g„>8 for every nGN, one has 1 — S{x) > |, and thus, 
by Lemma [6^ 

This inequality, however, does not hold with any g^^ > 8. Hence, x G X, as desired. D 

Example 6.7. Let {p„}„=o be an enumeration of all primes greater than 8, and put bn = Po-- -Pn 
for every nEN. By Theorem [Fl {^}$^o ^^ quasi-convex in T, and since each bn is square-free. 

Using the next lemma, one can lift Theorem[F]into M. Recall that in this note, tt : M — )► T denotes 
the canonical projection. 



Lemma 6.8. (18, 2.4]) Let F CM be a compact subset. If there is aj^O such thataY C(^—^,^) and 
n(aY) is quasi-convex in T, then Y is quasi-convex in M. 

Corollary 6.9. Let {xn}.^QCM be a null sequence in M such that g„:=^^^^-^ are integers and 
In >8for every n gN\{0}. Then {xn}'^=Q is quasi-convex in M. 

Proof. Put a = ^, go = 8, and bn = go- ■■qn- Then axn = -r-, and thus, by Theorem [H the se- 

oXq Oil 

quence {Tr{aXn)}^=o i^ quasi-convex in T. Since {aXn}^=o C [— |, |], by Lemma [Ol the sequence 
{xn}'^=Q is quasi-convex in M, as required. D 
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